Causal loop in the theory of Relative Locality 
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We find that Relative Locahty, a recently proposed Planck-scale deformation of Special Relativity, 
suffers from the existence of causal loops. A simple and general construction of such on-shell loop 
processes is studied. We then show that even in one of the weakest deformations of the Poincare 
group in Relative Locality, causality can be violated. 



The search for Quantum Gravity has led to the idea 
that Special Relativity should be modified at high ener- 
gies in such a way that (modified) Lorentz transforma- 
tions leave the Planck scale invariant. Doubly Special 
Relativity (DSR) has been proposed as an embodiment 
of this idea [lll2j. However, it was shown in [3 that this 
theory has observer dependent non-localities for distant 
interactions. Relative Locality is a reincarnation of DSR 
that tries to clarify the issue by proposing a radically 
different way of thinking about physics. 

The birth of Relative Locality came from the insight 
that we never directly observe the spacetime we pos- 
tulate. Our usual picture of spacetime is constructed 
operationally from the measurements of energies, mo- 
menta and times of events [H [5]. The notions that every- 
thing shares a universal spacetime and that locality has 
absolute observer-independent meaning are unwarranted 
assumptions. As a theory describing quantum gravity 
induced modifications to relativistic dynamics of parti- 
cles, Relative Locality was proposed at the regime where 

^ 0, G ^ 0, while their ratio mp = \^h/G is held fixed 
for every observer [4^ ^ . So effects due to the presence of 
the Planck mass are expected. Some RL phenomology 
has been studied in [4Hl] 

Relative Locality takes momentum space V as primary 
and formulates classical dynamics on the phase space 
T*{V)^. The geometry of momentum space is not pre- 
assumed to be that of a linear space but could have curva- 
ture, torsion and non-metricity in general, and should be 
tested by experiments. There is no global projection that 
gives a description of processes in a universal spacetime. 
The notion of absolute locality and universal spacetime 
is equivalent to the assumption that momentum space is 
a linear manifold [4J. 

We start with giving a brief review of the classical dy- 
namics and phase space structure of Relative Locality. 
We then go on to show that the theory has solutions 
that are causal loops. The general conditions allowing 
for such loops to happen are then studied. We illustrate 
this construction when the geometry of momentum space 
is taken to be that of Poincare, which is the most well 
studied and the simplest non-trivial geometry of momen- 
tum space in Relative Locality ^ |8J . The appearance of 
the causal loops is a result of the phase space structure 
of the theory and the causal loops vanish in the limit 
when the geometry of momentum space is trivial, which 



corresponds to Special Relativity. Although we will ar- 
gue that these causal loops do not lead to the grandfather 
paradox, their existence will challenge our understanding 
of the fundamental role of causality if Relative Locality 
were shown to be a well-tested theory. More probably, 
existence of causal loops implies that RL is incomplete 
or wrong. 

CLASSICAL PARTICLE DYNAMICS AND 
PHASE SPACE IN RELATIVE LOCALITY 

Momentum space is assumed to be a manifold V with 
a metric g^^ and a connection F^^. The geodesic distance 
V{p) from the origin to a point p G V is interpreted as 
the rest mass of a particle with momentum p. The non- 
linear addition rule of momenta p ® which should be 
found experimentally, determines the connection: 

Introduce an inverse operation satisfying (Bp) 0p = 
which turns incoming momenta into outgoing momenta. 
Now we can write the conservation law associated with 
any interaction vertex as a non-linear equation JCa{p^) = 
0. For example, a three vertex can be written as {p © 
q) Q k = 0. The order of addition is important, since 
the torsion of momentum space is a measure of the non- 
commutativity and the curvature is a measure of non- 
associativity of addition rule of momenta. [4, 6, 8 

The dynamics of classical particles is defined by the 
action: 

J i , ^ 

r (2) 

= ^ / ds{x}pi ^MjC\p')) + ^a(/(^^))4 
J i 

where s is an aflftne (time) parameter along the trajectory 
of the particle and an interaction labeled by i happens at 
Si for each particle; xj are Hamiltonian spacetime coordi- 
nates which are defined as being canonically conjugate to 
p"^: {^7,^5} = S^Sj and Xj G T*j. The mass shell con- 
dition C'^ {p) = P^(p^) — mj is imposed by the Lagrange 
multiplier A/j. The interaction part of the action is a 
Lagrange multiplier times the conservation of momenta 
/Ca(p^,p^...) = 0- By varying the action, we get the equa- 
tions of motion, the two of which we will be concerned 
with: 
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dC{y) 

~dkr 



(3) 
(4) 



Similarly, the other part of the loop is described by 



± indicates an incoming/outgoing particle respectively. 
Equation (|3| tells us how free particles propagate on one 
cotangent space ( "Hamiltonian spacetime" T^) of their 
phase space; and equation Q describes how cotangent 
spaces Tp of different particles are connected by interac- 
tion events z. The phase space description contains all 
the classical information of a physical process. 

Physics should be invariant under momentum space 
diffeomorphisms, i.e. redefinition of coordinates on the 
momentum manifold. Such a transformation is given by: 
Pa ^ Pa = fa{p) such that the geodesic distance be- 
tween the origin and p is preserved. Under this trans- 
formation transforms like a covector: ^ = 
xHdfa{p)/dpby^ e T^.z"" ^z"" = Applying these 
transformations to our action we see that it is unaltered, 
as desired. 

CAUSAL LOOP PROCESS 

We are now going to construct the simplest causal loop. 
Consider two bi-particle collision events A and B: par- 
ticle with momentum is created from event A and 
then collides with another particle at event B. The twist 
is now to consider particle 1 with momentum p^ created 
at event B and then colliding with another particle at 
event A, which creates the particle 0. Thus the causal 
order of events for particle is A ^ B and for particle 
1 is the opposite B ^ A. These kinds of processes could 
not happen in Special Relativity. Let us check their ex- 
istence in Relative Locality. 

We assume the two events A, B are defined by conser- 
vation laws JC^ = and = and between the two 
events, particle and 1 are freely propagating. We use 
xoA and xqb to label the starting point and ending point 
of particle p^'s worldline which lives on T^^; and similarly 
XiB and xiA for particle p^, as in Fig[l]. 





FIG. 1: A causal loop on the two-particle phase space. 

Particle freely proporgates from event A to B for 
proper time tq on T^o ; the end of its worldline is related 
with the starting point of particle I's worldline by inter- 
action B: 



dJCl 
dpi 



dpi 



(5) 
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(6) 



where uq, ui are given by equation of motion ([3|. 

Thus the existence of a causal loop process is equivalent 
to the following equation having a physical solution for 



and proper times ro,ri: 



(M^-A^B)>^^=ro(AlB)X+ri<, ro,riGR+ (7) 

where the matrix {MaY^ := {dJC^ /dpi) ■ {-dJC^ /dp^)'^ 
and {Mb)1 := {-dJC^/dpl) • {dJC^/dpl)-\ 

The above is a general condition. Once we specify 
the geometry of momentum space and write down the 
conservation laws of two vertices, for example JCa = {k® 
p^) e {p^ ©0 = 0. © ^) e (r © y ) 0, see 

Fig. [2], the above condition ([7| will then give a system 
of four linear equations with six free unknowns: Xq^, tq 
and Ti. 




FIG. 2: A two-event causal loop in Relative Locality. 

Based on the Cramer's rule, if the matrix {A4a — -Mb) 
has rank four, i.e. the determinant is non-zero, any phys- 
ical choice of tq and ri yields a unique solution for Xq^. 
If the matrix {A4a—'Mb) has rank less than four, we 
can fix a ratio ri = /3r2,/3 G M+ first and then check 
the number of remaining unknowns of the system of the 
homogeneous equations. Assuming the number of un- 
knowns is d {d < 5 now), if 3/3 s.t. the new matrix 
of coefficients of the system of equations has rank < (i, 
then we can always get at least one physical solution for 
Ti > 0. When for V/3 G M+ the new coefficients matrix 
has a rank > only then the equation does not have 
physical solutions, which means the causal loop (corre- 
sponding to these speciffc interaction vertices) does not 
occur. 

The solution will be invariant under the momentum 
space diffeomorphsim, because the equation ^ is just 
based on the equations of motion, which are invariant. 

In the Special Relativity limit of RL, beacuse of the 
linearity of momentum space, which also implies triv- 
ial isomorphism between cotangent spaces, the trans- 
port operators A4a^ M.b are all identity matrices. This 
makes the above equation ^ immediately degenerate to 
tqUq TiUi = 0, which doesn't have physical solution. 
It means that this kind of causal loop will not occur in 
Special Relativity. 

The causal loop formed by two interaction events is 
just the simplest case. Similar processes can be con- 
structed by other forms of vertices and more events: 
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A^B, ...N, N^A, which conditions enjoy the simi- 
lar form with the simplest case: 



iMA-MBMc-M„)lx'i^ = TiMB-.Mnu'(+ 
+ T2Mc--M„ul + ... + T„_iA1„<_i + r„< 



(8) 



These compose a system of four linear equations with 4 + 
n unknowns, where n is the number of interactions that 
form the causal loop. Compared with eq. ([7|), the above 
conditions are even easier to be satisfied, since there are 
more unknowns in the same number of equations. More 
general causal loops that contain branching out can be 
always decomposed into a few simple loops described by 
the above process. 

TWO-EVENT CAUSAL LOOP IN a^-POINCARE 
MOMENTUM SPACE 

In this section we will illustrate the existence of causal 
loops in a specific geometry of momentum space, n- 
Poincare Hopf algebra, a dimensionful deformation of 
the Poincare group, describes a momentum space with 
de Sitter metric, torsion and nonmetricity, which is the 
first well-studied example of the non-trivial geometry of 
momentum space in Relative Locality [9], [8], [7]. It is 
also one of the weakest deformation of Poincare group as 
a Hopf algebra[9^. The line element of the Poincare 
momentum space in comoving coordinates is given by: 

ds^ = dpi - e^P'^^6'^dpidpj ij = 1, 2, 3 (9) 

where hz is a. large energy scale close to Planck energy. 
The mass-shell condition is given by the geodesic distance 
from point p to the origin of momentum space [8 : 

m{p) = nArccosh{cos\i{pQ/n) - eP^^'^\p\^ /2n^) (10) 

from which we can get e.o.m.(|3|. The addition rule of mo- 
menta on Poincare momentum space is as follows[8^: 

(p © g)o = Po + ^0 © q)i =Pi^ e-P^^'^Qi (11) 

As an example, the non-linear conservation of momenta 
of the two events /C^,/C^ which we were discussing in 
the last section can be writen out explicitly: 

(/C^)o = (feo+pJ)-(p^ + /o) 
(/C^)o = (pUgo)-(ro+pJ) 



(12) 



Now, we have all the necessary elements to calculate 
the condition ^ for this specific example. It turns out 
that the matrix {MIa—J^b) has rank three and an un- 
known drops out, which is due to the linear addition 
rule of the zero component of momenta, in ( 12 ). For sim- 



plicity, assume that the particles with momentum p^^p^ 
have same rest mass m. Using tq to rescale the other 



unknowns and solve the above equation for ti/tq and 
x'^/ro^i = 1,2,3, we get the solution, in which the ratio 
of two proper times is 



n 

To 



^ 



Fp^^^2rie^ -2kie^ +2Fa^2 sinh(^) 



1 ^ 
Pie ^ 



2e ^'^ ° {ki 



Fpj -2FA^2sinh(^) 



(13) 



where F = e^°/'^ _ g^o//^ j^g^^ fQ^. shorthand. Thus as long 
as there exists physical values of momenta such that the 
solution for Xqj^/tq is finite and ti/tq is positive, this 
specific causal loop can occur. We check it as follows. 

For simplicity and without lose of generality, we set 
the last two spatial components for all the momenta to 
be zero. Because the energy of single particle has to 
be smaller than a^, energies Po'-Po^^o^^o ^ (O^^)- The 
requirement of timelike on-shell momenta m{p) > con- 
strains the spatial components. 



1 < Pi/k < —e 



-Po/k. 



1, P2,P3=0 (14) 



We can then plot the region in terms of {pq^pI) that allow 
the equation to have physical solution for x and ri,r2 
under a specific relationship among other momenta. See 
Figi 




-0.4 



FIG. 3: The region of (po^Pi) that possiblly leads to a causal 
loop by events A & B when Pq — — — Pi,to — l.l/co — 

0.88a>:, /ci -n 0.1k. 

Surprisingly, for any low energy scale of momenta 
choice (as long as tv is still not infinity), there always 
exist physical solutions for rs and xqa- At low energy, 
the solution of XqA in eq. ^ is proportional to k/tti: 



^OA 



{PoPi -PopD^oi^ 



[Po(^o - ro) +pK^i - ^i)]^ 



(15) 



thus has quite large scale. Though there is no constraint 
for the choice of where event A happens on the cotan- 
gent space T^o , when the scale is much higher than the 
scale of momenta, xqa is so large that deserves criticism 
of unphysical. At high energy, the scales of solutions are 
reasonable. Two random examples taken from two dif- 
ferent energy scales are shown in Table (|l|. If the current 
form of Relative Locality were to be correct, then we 
would expect causal loops to be common at high energy. 
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TABLE L Comparison of the results at different energy scales 



High energy scale 



Low energy scale 



Ik 
k/ K 
r I K 
ml K 

Ti/tq 



(0.5,0.1,0,0) 
(0.5,-0.1,0,0) 
(0.8,0.1,0,0) 
(0.85,-0.1,0,0) 
0.48 
1.2 



(10- 



-0.2 X 10" 



,0,0) 



(lO"^^o.2 X lO"^^o,o) 



(lo-^^ 10-^^0,0) 



(1.01 X 10" 



-10-^ 
9.80 X 10"^^ 
0.6 



,0,0) 



x^j^/tq (Vxg^ G R, 11.8, 0, 0) (Vxg^ G R, 8.2 x 10^^ 0, 0) 



DISCUSSION AND CONCLUSIONS 

We have shown that RL suffers from the existence of 
causal loops, and it is surprisingly simple to construct 
them. This is a generic feature arising from the phase 
space structure of RL: there is no universal spacetime, 
and the configuration information lives on the different 
cotangent spaces of the momentum manifold. The non- 
linear conservations of momenta at interaction events de- 
termine how the cotangent spaces T* of different particles 
are connected by the interaction, Eq.Q. Due to the non- 
trivial relations between cotangent spaces, a particle can 
come back to the event that causes its own creation as 
one of the incoming participants of that interaction. 

In the last section, the causal loop's existence depends 
on specific choices of points on the cotangent space 
(let us call it"x-dependence"). In general, after fixing 
the proper times, the solution set of x^j^ (if it exists) is 
a lower dimensional subspace. In the example we calcu- 
lated, it was a line on T*q. The same unusual feature 
of "x-dependence" is also present in many of the usual 
loop processes without causal issues in Relative Locality, 
e.g. [ID]. Some nets of vertices lead to the dependence 
on "where" the events are on the cotangent space, while 
some do not. We do not yet have fundamental reasons 
for choosing some forms of vertices rather than others 
just for the sake of "x-independence" . This necessitates 
future work in understanding the physical meaning of the 
Hamiltonian spacetimes and the choices of vertices. 

In [7] authors enforced the translation invariance 
on T^, which is a more strict symmetry than "x- 
independence" . However, the approach there requires the 
use of very non-local interaction vertices to achieve the 
symmetry, which is not physical. Future work should ad- 
dress the following questions. Is "x-dependence" of many 
loops a generic feature? Should translation invariance 
on Tp be a fundamental symmetry of Relative Locality? 
How do we achieve "x-independence" or translation in- 
variance on Tp in a physical way? Can we remove the 
causal loops by enforcing those symmetries in the theory? 

Does the existence of causal loops imply that there 
is an inconsistency in the theory? Actually no paradox 
has been found yet. In General Relativity, Einstein 
equations have Closed Timelike Curve solutions. One 



way out of the Grandfather Paradox is the Novikov 
self-consistency principle, which states that around a 
closed timelike curve, events influence each other in 
a self-adjusted, cyclical, self-consistent way and the 
only solutions to the laws of physics that can occur 
locally in the real Universe are those which are globally 
self-consistent [11. In Relative Locality, this is why 
there is no Grandfather Paradox. RL is different with 
usual spacetime physics in a sense that we cannot 
describe processes as solutions to a Cauchy problem. 
All the solutions in RL are interaction-dependent: once 
an interaction net is set up, the interactions inside it 
have to be self-consistent beforehand. Nevertheless, if 
causal loops really existed, then there would be no clear 
distinction between causes and effects. 

In summary, the research points at two alternatives: 

. Relative Locality is an incomplete or a wrong the- 
ory in its current form, which can be inferred from 
the presence of causality violation. 

. If Relative Locality is to be a well tested theory for 
the classical and non gravitational regime of quan- 
tum gravity phenomenology, we need to rethink 
causality as a fundamental property of nature. 
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